and it remains exact after applying H ⊗ R − for any Gorenstein injective right R-module H. In this paper we first give some characterisations of Gorenstein flat objects in the category of complexes of modules and then use them to show that two notions of the two-degree Gorenstein flat and the Gorenstein flat left R-modules coincide when R is right coherent.
with L = Ker(δ P 0 ) such that the complex Hom R (P, Q) is exact for any projective Rmodule Q. Later, Enochs and co-authors [9] introduced the Gorenstein flat left Rmodules, which are the modules of the form Ker(δ In this paper, we will use both subscripts and superscripts to distinguish complexes. So if C α and C β are two complexes, then C α will be
with K in the i and i-1st degrees and S i (K) the complex
with K in the ith degree. Given a complex C, for each i ∈ ‫,ޚ‬ let i C denote the complex with 
A chain map of degree 0 is called a morphism. We would let Hom(M, N) denote the set of all morphisms from M to N. Note that the category of complexes of modules has enough projectives and injectives. This can be seen from the fact that any complex of the form
is projective (injective). This, in turn, follows from the fact that a complex C is projective (respectively, injective) in the category of complexes of modules if and only if it is exact, and the modules Z i C are projective (respectively, injective) for all i ∈ ‫ޚ‬ (see [13] ). We will let the Ext i (M, N) for all i ≥ 1 denote the groups we get from the right-derived functors of Hom(−, −). Recall that a complex P is called semi-projective (i.e. dgprojective) if the modules P m are projective for all m ∈ ‫,ޚ‬ and Hom(P, E) is exact for any exact complex E (see [11] ). In fact if P is a bounded right complex of projective modules, then P is semi-projective. It is also shown in [13] that a complex P is semiprojective if and only if Ext 1 (P, E) = 0 for any exact complex E. If M is a complex of right R-modules and N is a complex of left R-modules, then
the boundary map δ n is defined on the generators by δ
, where |x| is the degree of the element x. One can easily check that δ n−1 δ n = 0 for all n ∈ ‫ޚ‬ (and this would not be true if we did not introduce the sign (−1)
, that is, M⊗N is the complex of abelian groups with nth entry (
and boundary map
given by x ⊗ y → δ M (x) ⊗ y, where x ⊗ y is used to denote the coset in
. This gives us a bifunctor We continue with the following definition from [7] . DEFINITION 3.1. We call a complex X Gorenstein flat if there exists an exact sequence of flat complexes
and which remains exact after applying I⊗− for any injective complex I of right R-modules. In this case, F is said to be a complete flat resolution of X. REMARK 3.2. Let M be a right R-module, and N a left R-module. Then, naturally, M and N can be taken as the complexes S 0 (M) and S 0 (N), respectively.
, and thus if we substitute the complexes in Definition 3.1 with corresponding modules, then we get the definition of Gorenstein flat modules. (2) Since the class of flat complexes is closed under direct sums, and the functor ⊗ commutes with sums, we get that the class of Gorenstein flat complexes is closed under direct sums.
, then by symmetry, all the images, the kernels and the cokernels of F are Gorenstein flat in R-Comp.
(4) If X is a Gorenstein flat complex, then by definition, there is an exact sequence of flat complexes · · · → F 2 → F 1 → F 0 → X → 0, which remains exact after applying I⊗− for any injective complex I of right R-modules, and so Tor j (I, X) = 0 for all injective complexes I of right R-modules and all j ≥ 1. 
Recall that a complex X is called semi-flat if X m is flat in R-Mod for all m ∈ ‫ޚ‬ and E ⊗ · X is exact for any exact complex E of right modules. It is shown in Lemma 5.4.1(c) in [14] that a complex X is semi-flat if and only if Tor i (E, X) = 0 for any exact complex E of right modules and all i ≥ 1. A complex X is called graded flat if X m is flat in R-Mod for all m ∈ ‫.ޚ‬ The semi-flat and graded flat objects are very important in characterising homological dimensions of complexes and modules, see [1] and [20] (the semi-flat and graded flat complexes, respectively, is called dg-flat and #-flat in [1] ). Since the class of flat modules is closed under extensions, every flat complex is graded flat, but in general a graded flat complex may not be flat, for instance, the complex, · · · → 0 → F → 0 → · · ·, is graded flat complex but not flat when F is some flat module. The following proposition extends Proposition 3.10 in [15] and implies that there are abundant Gorenstein flat objects that are not flat in the category of complexes.
PROPOSITION 3.5. Every graded flat complex G is Gorenstein flat. In particular, every semi-flat complex is Gorenstein flat.
Proof. If we define the morphism α : G −→ ⊕ i∈‫ޚ‬ D i+1 (G i ) = F 0 of complexes as the following:
) for each i ∈ ‫,ޚ‬ then we get a short exact sequence of complexes 
By the snake lemma, we get that (K 1 ) i ∼ = G i−1 is flat. Note that the short exact sequence
is still exact after applying I⊗− for any injective complex I of right R-modules, since Tor 1 (I, K 1 ) = 0 by Lemma 3.4, and K 1 has the same properties as G. Then, we can use the same procedure to construct an exact sequence of flat complexes
which remains exact when the functor I⊗− is applied for it for any injective complex I of right R-modules. Again take
as a flat resolution of G, which is still exact when I⊗− is applied for it for any injective complex I of right R-modules, since it is easy to check that each Ker(F i −→ F i−1 ) is again graded flat for all i ≥ 0, where F −1 = G. Assembling the sequences ( †) and ( ‡), we get a complete flat resolution of G, and so G is Gorenstein flat. Clearly, every semi-flat complex is graded flat, and so it is Gorenstein flat.
The following result provides the characterisation of Gorenstein flat complexes by using graded flat complexes.
THEOREM 3.6. Let X be a complex. Then X is Gorenstein flat if and only if there exists an exact sequence of graded flat complexes
H =: · · · / / H 1 / / H 0 / / H 0 / / H 1 / / · · · with X = Ker(H 0 −→ H 1
) and which remains exact after applying I⊗− for any injective complex I of right R-modules.
Proof. The necessity follows from the fact that every flat complex is graded flat. For sufficiency, split the sequence H as follows:
Since H 0 is graded flat, by the proof of Proposition 3.5, there is an exact sequence
with F 0 flat and G 1 graded flat. Consider the following push-out diagram:
By assumption, the sequence ( † 1 ) remains exact after applying I⊗− for any injective complex I of right R-modules. Hence, it is easily seen that Tor 1 (I, X 1 ) = 0 for any injective complex I of right R-modules, and so the long exact sequence lemma yields that Tor 1 (I, U 1 ) = 0 for such I. Thus, the sequence is still exact when I⊗− is applied for it for any injective complex I of right R-modules. Now consider the following push-out diagram:
Visibly, V 1 is graded flat since G 1 and H 1 are so. Thus, by the proof of Proposition 3.5 there is an exact sequence
with F 1 flat and G 2 graded flat. Again, consider the following push-out diagram:
It is easy to see that the sequence
is still exact when I⊗− is applied for it for any injective complex I of right R-modules. 
which remains exact when I⊗− is applied for it for any injective complex I of right R-modules. Inductively, we can get an exact sequence
which remains exact when I⊗− is applied for it for any injective complex I of right R-modules. Using the method dual to the above, we can get an exact sequence
which remains exact when I⊗− is applied for it for any injective complex I of right R-modules. Assembling the sequences ( * ) and ( * * ), we get a complete flat resolution of X, this proves that X is Gorenstein flat. Thus, the result follows.
In [2] , Bennis introduced the notion of a left GF-closed ring and studied Gorenstein flat modules over such rings. Bennis showed in [2] that all right coherent rings and all rings with finite weak dimension are left GF-closed. Also, the class of left GF-closed rings includes strictly the one of the right coherent rings and the one of the rings with finite weak dimension.
Let X be a class of modules. Following [17] , the class X is called projectively resolving if all projective modules are contained in X , and for every short exact sequence 0 → X → X → X → 0 with X ∈ X the conditions X ∈ X and X ∈ X are equivalent. Bennis proved (Theorem 2.3 in [2] ) that a ring R is left GF-closed if and only if the class of the Gorenstein flat left R-modules is projectively resolving. 
Proof. Suppose f : M −→ F is any homomorphism with F flat. Then the sequence 0
/ / 0 is exact. By the factor lemma, there is a homomorphism μ : Coker(α) −→ N such that the following diagram commutes: It is easily seen in Theorem 3.11 that when R is left GF-closed then the Gorenstein flat objects in the category complexes possess many properties as the Gorenstein flat modules in the category of modules. For example, the class of all Gorenstein flat complexes of modules is closed under direct limits by Lemma 3.1 in [23] and under extensions, any direct summand of a Gorenstein flat complex is Gorenstein flat by Corollary 2.6 in [2] .
Let C be a complex. We define the Gorenstein flat dimension, Gfd(C) of C as Gfd(C) = inf{n| there exists an exact sequence 0 → X n → X n−1 → · · · → X 0 → C → 0 with each X i Gorenstein flat}. If no such n exists, set Gfd(C) = ∞. 
